
k = thermal conductivity of fluid, 

L 
n = constant in Equation (7) = 

slope of j ,  vs. Re, curves in Fig- 
ure 9 = 1 - slope of curves in 
Figure 10, dimensionless 

p = absolutepressure, 1b.-force/sq. ft. 
Apfr = frictional pressure drop, lb. force 

Pr = Prandtl number = Cpp/k,  di- 

Re = Reynolds number = D V p / p ,  

t = temperature of fluid, O F .  

tb = average bulk temperature of 
fluid = (t,  + &)/a,  O F .  

t, = film temperature = ( t b  + t , ) / 2 ,  
O F .  

t. = inside surface temperature of 
pipe, O F .  

Atmaz = temperature difference between 
inside surface of pipe and axis of 
pipe, O F .  

Atmea,, = temperature difference between 
inside surface of pipe and bulk of 
fluid, O F .  

(B.t.u.) (ft.)/(hr.)(sq. ft.)(”F.) 
= length of pipe, ft. 

/sq. ft. 

mensionless 

dimensionless 

T = absolute temperature, OR. 
V 
Vb = velocity of fluid defined by 

v = specific volume of fluid, cu. ft./lb. 
w = weight rate of air flow, lb./hr. 
a = ratio of total diffusivity of heat 

to total diffusivity of momentum, 
dimensionless 

= velocity of fluid, ft./hr. 

G/P,,, 

p = viscosity of fluid, lb./(ft.)(hr.) 
p = density of fluid, lb./cu. ft .  
pawn = density of fluid evaluated a t  

p, = density of fluid evaluated at 
(pl + p 2 ) / 2  and tb, lb./cu. f t .  

( p l  + p 2 ) / 2  and t,, lb./cu. ft. 

Subscripts 

1 = test pipe entrance (slightly dif- 
ferent for pressure drop than for 
heat transfer) 

= test pipe exit (slightly different 
for pressure drop than for heat 
transfer) 

= bulk, evaluated at temperature t b  

= film, fluid properties evaluated a t  

2 

b 
f 

temperature t, 
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Control of Continuous-flow Chemical Reactors 
OLEGH BILOUS, H. D. BLOCK, and EDGAR 1. PIRET 

University of Minnesoto, Minneapolis, Minnesota 

I. Frequency-response Relations for a 
Continuously Stirred Tank Reactor 

Although applications of frequency- 
response techniques to the control of 
processes are well known in electrical 
engineering and in the instrumentation 
field, relatively little has been done to 
develop in a quantitative manner the 
employment of these techniques in the 
control of chemical reactions. As a result 
the control characteristics of chemical 
reactors are today being come upon 
either in the pilot plant or in the field. 
This study was motivated by the fact 
that processes designed on the basis of 
steady state operation may sometimes 
prove inadequate for automatic control. 

Olegh Bilous is with Laboratoire Centrale des 
Poudres, Paris. France. and H. D. Block at Cornell 
University, Ithaca, New York. 

It is the purpose of this paper then to 
show how frequency-response analysis 
may be used to develop the theory of 
control of continuous-flow chemical re- 
actors. The response equations are 
developed for simple and complex reac- 
tions of any order, and, for clarity, their 
applications are illustrated with selected 
numerical examples and by the use of 
polar plots. 

The effects on the reactor-product 
stream which are considered in the equa- 
tions include variations in feed-stream 
composition and temperature, the heat 
input or cooling of the reactor by coils, 
and the effect of temperature level on the 
rates of reaction and of heat release. 
How automatic-control requirements may 

influence proper reactor design is also 
illustrated. Only single-stage reactors are 
considered here. Chains of reactors will 
be treated in Part 11. 

The transient behavior of continuous 
reactor systems has been considered by 
Mason and Piret (7) and the self-regula- 
tion properties of chains of reactors by 
Dev.yatov and Bogshev (5’) ; Kramers 
and Alberda (6) have applied the method 
of complex amplitudes to the study of 
mixing and residence times in reactors. 
These investigations are all limited to 
first-order processes with no temperature 
effects. Transient equations for second- 
order processes in continuous reactors 
with no temperature effects were recently 
treated by Acton and Lapidus (1). The 

Page 248 A.1.Ch.E. Journal June, 1957 



general theory of frequency-response 
analysis has, of course, long been de- 
veloped. 

THE PROBLEM 

In  the continuous operation of a 
stirred tank reactor the product obtained 
must be of uniform quality. Thus com- 
position of the outlet stream from the 
reactor should be maintained within given 
limits around the steady state value, the 
width of the permissible band being 
determined by the severity of specifica- 
tions. As the product composition depends 
on many variables, such as feed concen- 
tration and reactor temperature, one 
part of the problem is to find the effect 
of variations in these upon the product 
composition. When this effect is known, 
one can calculate the limits which should 
be imposed upon feed concentration and 
reactor temperature to hold the subse- 
quent variation in outlet-stream com- 
position within the allowable range. 

In practice the fluctuations externally 
imposed on the reactor are likely to be 
highly irregular. For analytical purposes 
however sinusoidal variations are usually 
assumed. Thus results remain general 
and the mathematics is more tractable. 
The results are general because in a 
linear system an arbitrary fluctuation 
can, a t  least theoretically, be resolved 
into its harmonic components and the 
response functions of these integrated to 
find the total effect. 

A second problem concerns more 
specifically the design of the control 
system. Process characteristics being 
known from the first part of the study, 
the control characteristics best suited to 
the problem are examined, especially the 
effects of the different types of control on 
the behavior of the continuous process. 
A specific question which arises a t  this 
point is the effect of dead time in the 
control loop on the cycling tendencies of 
the process. This question is briefly 
examined in Part I1 for the limiting case 
of a tubular reactor. 

THEORY 

The first problem may he restated as 
follows. Given a small periodic variation 
in the parameters defining reactor opera- 
tion, find the resulting periodic variation 
in composition of the effluent stream from 
the reactor. 

The Basic Equations 

As is usually done in the theory of 
continuously stirred tank reactors, uni- 

be considered, component B representing 
the product of interest. The theory could 
of course be developed in general for any 
number of components, but consideration 
of only two components of interest is 
sufficient for most of the actual applica- 
tions. For simplicity, developments pre- 
sented here are for the case where 

- =  --- I ‘ A  = R(x ,  T )  dI3 
d t  a a t  

The reaction rate R(z, T )  is a function 
of x, the concentration of A ,  and the 
temperature T.  The stoichiometric co- 
efficient is a. No assumption is made 
about the order of the reaction, and so the 
case examined remains quite general. 
The mass balances across the reactor give 
the basic transient equations 

[accumulation] = [input] - [output] - 
[reacted] 

and from the heat balance 

dT 
a t  e - = T ,  - T + e h ( q  

+ Q a w X ,  T )  + o m t i  (3) 
where 

0 = V / F  = reactor holding time, hr. 
T, To = temperature in the reactor and 

in the feed stream, OK. 
Q = -AH,/cp = changeintemperature 

caused by adiabatic reaction per 
mole of component A reacted in 
a unit volume of reacting mix- 
ture, (“K.)(liter)/mole. Q is posi- 
tive for an exothermic reaction. 
The specific heat per unit volume, 
cp, is taken constant and the 
same for the feed and product 

h(T)  = heat input to the reactor volume 
expressed as change in tempera- 
ture, “K./hr., due to heat input 
from sources which depend on T 
only. h ( T )  is equal to the rate of 
heat input to the whole reactor 
due to temperature-dependent 
sources, divided by the total 
reactor heat capacity, Vcp. 

H ( t )  = heat input, OK./hr., from inde- 
pendent time-varying sources 
such as would be caused by the 
manipulation of a steam valve 

. 

The notations of this section are illus- 

and heat inputs (due to heat transfer from 
heating or cooling coils or jackets operat- 
ing a t  constant temperatures for ex- 
ample). The equations will first be 
linearized and then solved by methods 
commonly used in the analysis of electrical 
networks. 

Linearization 

The three equations [ (1) , (2)  , (3)] where 
the derivatives are set equal to zero 
define the steady state conditions 

To - T ,  + W T , )  + OH, 

+ QaeR(x,, T,) = 0 (6) 

For nonsteady operations the variables 
X ,  Y ,  Z defined by 

x = x , + x  (7) 

y = y . + Y  (8) 

T = T , + Z  (9) 

are introduced. They represent varia- 
tions around the steady state. This 
study will be concerned with small 
variations only; that is, second-order 
terms in X ,  Y ,  Z will be assumed negli- 
gible. Under this assumption the reaction 
rate R(z, T) may be written as follows: 

R(zj TI = R(x8 Ts) + Rz’(xs , Ts)X 

f R T ’ ( ~ ~ J  Ta)Z (10) 

R,’(x,, T,) and RT‘(z,, T,) being the 
partial derivatives of the rate with respect 
to concentration of A and temperature. 

In order to simplify the problem, the 
derivative hT’(T,) of the heat-input func- 
tion will be neglected. Thus instead of 
h(T)  = h(T,) + hT’(T,)Z one may write 

W) = W“,) (11) 

Also H ( t )  = H ,  + AH(t) .  Replacing 
(XO, YO, To) by (Xo + ZO, Yo + YO, Zo + To) 
and introducing ( 7 ) ,  (8), (9) and (lo), 
(11) in the three transient equations (I), 
(2)J (3) gives 

formity of conditions will be assumed 

state performance is then readily pre- 
dictable for either simple or complex ture. All other factors are considered dY 
reactions, as shown in reference 2 and 
reference 4. Two chemical components, 

trated in Figure 1. For convenience Q 

pendent of concentration and tempera- 

either negligible or remaining constant 
in this analysis. The heat input h ( T )  

throughout the reactor space. The steady has been assumed to be a constant inde- f ff6RT’Z = xo (12) 

0 - dt - 8R,‘X + Y 
A in the feed and B in the product, will covers heat losses by the reactor surface - 6RT’z = Yo (13) 
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Thcse are now linear first-order differen- 
tial equations. The forcing functions 
X o ,  Yo and OAH + Zo, where X o ,  Y o  
and Zo are the vitrying parts of the feed 
concentrations in A and B and of the 
feed temperature, will be later assumed 
to be pcriodic funrtions. 

Method of Complex Amplitudes 

The method of complex amplitudcs is 
rigorously based on Fourier transforms, 
but the simple presentation given bclow 
is sufficient here. A more detailed treat- 
ment mag be found in reference 6. 

In  all this section the existence of a 
steady state response of the system to the 
periodic forcing functions is assumed. 
Thus the calculated response mill have 
no physical significance if the system is 
unstable. System stability may be dis- 
cussed by consideration of the roots of 
its characteristic equation. 

The periodic functions used in this 
treatment will be represented by the form 

where X ( t )  is the periodic function, for 
instance a variation in concentration or 
temperature, X is a complex number, and 
eiut = cos wt + j sin wt.  The frequency 
of oscillation in radians/hour is rcpre- 
sented by w and j stands for 47. The 
derivative of ~ ( t )  is 

(If9 
and therefore in this case, that is to say 
for periodic functions of Form (15), the 
operation of taking the time derivative 
is equivalent to the operation of multipli- 
cation by jw. 

Since the solutions will therefore be of 
the same form as the forcing functions, 
the system of linear differential equations 
(la), (13), and (14) may be written as 
follows: 

(I + j w e  + edzZi)x 

- QaeR,'X + (1 + jwO - QaORT')Z 

= OAH + 2, (19) 
The applications below are based on these 
three equations. For present purposes 
the feed concentration of B and the 
inlet-feed temperature will usually be 
held constant and thus in the forms 
above Yo and Z o  become zero. 

In the first case, discussed below, This may be written as follows, by putting 
the complex number Y/Xo in the polar 
form (15): 

temperature effects will for clarity be 

elmXo (21) 
OR r' 

CrOR,' - w2e2)2 + w'e2(2 + o f f ~ , ' ) '  
with the angle ,#, defincd by 

--w6'(2 + aOR,') 
1 + OaR,' - w 2 0 2  

tan,#, = ______--- 

Therefore, the ratio of the magnitude of the variation in product concentration / Y [  
to the magnitude of the variation in feed concentration ( X o (  is 

considered negligible so that only the 
variations in concentration of the feed 
will affect the concentration of the 
products. One way in which this can come 
about is the case where the temperature 
of the reactor is maintained steady; i.e., 
Z equals zero when heat input balances 
output, --cuQR,'X = AH,  in particular 
if the heat of reaction Q is zero and there 
is no heat input. Another way occurs if 
the rate of reaction is not strongly 
temperature dependent over the control 
range and so RT' = 0. 

In  the second case the internal reactor 
temperature will be allowed to vary with 
the heat of the reaction. Finally, the third 
case will concern variations in product 
concentrations and reactor temperature 
caused by heat input alone when the 
feed concentration is constant, that is to 
say, with X o  = 0. 

First Case: Variations in Concentration Alone 

For the case where there is no tcm- 
perature effect, 

(I + jwe  + ffen,r)x = x, 
- OR,'X + (I + jwe)Y = 0 

from which is found 

. Illustration of nomenclature. 

A.1.Ch.E. Journal 

and this result is valid whatever the 
order of the reaction, provided that the 
amplitudes of the variations are small. 

Inspection of (23) shows that the 
reactor is stable in all cases, because the 
denominator of the transfer function 
cannot be zero for real values of w. 
Furthermore the homogeneous system 
has the solution Y = Ce-"'. 

Illustration I 
The second-order reaction is 

2 A - + B + D  

with a rate expressed by 

The kinetic rate constant k is 

k = 1.165 1014e-10,000/T mole-' hr.-* 

The reactor is operated with a holding time 

O = 20 min. 

and a feed containing 1.75 moles/liter of A .  
The reactor temperature is 80°C. The 
effect of variations in the concentration of A 
in the feed upon the concentration of 
product B in the effluent are calculated. At  
80°C. the value of the rate constant is 
k = 1.165 (1014) e-''J,Ooo/T = 58.10 mole-' 
hour-' and the steady state composition of 
the reacting mixture is given by the follow- 
ing mass balances: 

on component A 

X ,  - 1.75 + 2 (3 - (58.1)~~' = 0 

on component B 

20 
y. - ( & 3 . 1 ) 2 , "  = 0 

The solutions are 

2, = 0.20 mole/liter, 
y, = 0.775 mole/liter 

The equations, similar to (20), (21), (22), 
which must be used in this case to deter- 
mine the effect of variations in the concen- 
tration of A in the feed upon the concentrar 
tion of product B in the effluent are 
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with the angle 4 defined by 

where 
R(x) = kx2 

and therefore 

BR,‘ = 2k8x = 2 X 58.10 

x Q X 0.20 = 7.750 

For the numerical data of the illustration 
the following values of the variation 1 Y / X O ~  
and the phase angle @ are obtained for 
different values of frequency. 

we 0 01 0 10 0 50 
w 0 03 0 30 1 50 

]Y/Xol 0 470 0 467 0 419 
4 -0 6 -6 - 28 

The frequency w is expressed in radians per 
hour and the phase angle @ in degrees. 

Second Case: Variations in 
Concentration and Temperature 

In  the derivation of (20) i t  has been 
assumed that the temperature effects 
on the process could be neglected. In the 
case where there is an appreciable tem- 
perature effect the variations in product 
concentration due to variation in feed 
concentration of component A alone are 
related through the equations 

( 1  + j ~ 8  + a8RZ’)X + aORT’Z 2 X ,  

-aQBR,’X + ( 1  + ju8 

- aQ6’R~‘)z = 0 

which are a special case of Equations 
(17), (18), (19) with no independent 
time-varying heat input, AH = 0. 

The expression corresponding to (20) 
for the present use is 

The stability and the relative sensi- 
tivity of reaction systems may be more 
readily evaluated by factoring out a 
nonfrequency term from the response 
equations. For instance, Equation (24) 
may be rewritten as 

exothermic (& > Rz’/RTf), reactor 
operation as described by the linearized 
model will be stable only when the 
holding time 0 does not exceed a certain 
value. There is no limitation on the 
holding time for the case of an endo- 
thermic reaction. 

This discussion is an example of a 
case when control requirements may 
place limitations on reactor design. 

Illustration 2 
In order to give an idea of the magnitude 

The first or amplification factor describes 
the response of the system to a steady 
perturbation, whereas the second factor 
indicates its dynamic behavior and thus 

1.00 2.00 10.0 100 
3.00 6.00 30.00 300 
0.331 0.203 0.040 0.001 
- 49 - 70 -115 -170 

of the temperature effect the variation in 
product concentration due to a variation in 
feed concentration will be calculated, the 
temperature effect being taken into account 
with the data used in Illustration 1 .  

With the introduction of the stoichio- 
metric coefficient 01 = 2, Expression (25) 
for the present case becomes 

the controllability. 

is 

hence in terms of the heat of reaction the 
system is unstable when 

It is seen that the condition of stability 

1 + BLUR,’ - QLY~RT’ > 0 

1 + BaR,’ Q>-- a8RT’ 
Since R T f ,  the temperature coefficient of 
the reaction rate, is usua!ly positive, this 
means that instability may occur for 
exothermic reactions with a sufficiently 
high value of the heat of reaction. Ex- 
pressed in terms of the holding time the 
condition of stability yields 

1 
8 < p r L  (QRT - Rz‘b 

R’  Q > -5 
RT 

Thus, when a reaction is sufficiently 

where 

with 

tan += 2~8(1+ BR,’ - Q8RT’) 
1 +28R,’ - 2Q 8R T’ --a’ 8‘ 

The data of Illustration I gives , 

/G = 1 . 1 ~ ~  1 0 i 4 e - - 1 0 . 0 0 w ~ .  

5,  = 0.200 mole/liter, 
T, = 80°C. 
0 = 20 min. 

Assuming that the reacting mixture has 
the density and heat caparity of water 
and that the heat of reaction is 

AH, = -50,000 cal./mole of A 

yields 

Q = 50 (‘K.J(liter)/mole 

Then 

OR,’ = 7.750 
&en,’ = 3.112 

__________ XO (24) Reactor operation is stable since 
BR,’ y=--, 

( 1  + p 8 ) ( 1  + j ~ 8  +  CUR,' - Qa8R;) 
1 + 28R,’ - 2Q8RT‘ = 10.28 > 0 which may be written, similarly to (21) : 

X ,  
8R,’e’’ y = P-_-_ __ ________-- 

2 / ( 1  + 8aR,’ - aQ8R; - ~‘8’) ’  + ~‘8’(2 + a8R,’ - aQ8R;)’ 

The values of the variation amplitude 
ratio IY/XOI and the phase angle @ have 
been calculated for different values of the 
variation frequency w and are presented 
below: (25) 

where the phase angle + is given by 
Second-order exothermic reaction: Q = 50°K. 

w 8(2+aORz’- LYQ 8R T ’ k  we 0.01 0.10 0.50 1.00 2.00 10.0 100 
w 0.03 0.30 1.50 3.00 6.00 30.0 300 

IY/Xnl 0.755 0.751 0.673 0.531 0.331 0.054 0.0008 
tan 4 = ---- 

1 +a8R,’-aQ8RT’-w28’ 
, I - ,  

(26) @ -0.6 -6 - 29 -51 -74 -128. -174. 

Vol. 3, No. 2 A,I.Ch.E. Journal Page 251 



The calculations have also been made 
for the case of an endothermic second-order 
reaction, with Q = -75”K., for the data 
used in Illustration 1. 

Second-order endothermic reaction: Q = -75°K. 

the holding-time lag over the other lags 
in the system. 

As a final result of the Nyquist plots 

we 0 01 0 10 0 50 
w 0 03 0 30 1 50 

IY/Xol 0 300 0 298 0 268 
9 -0 6 -6 -28 

The values resulting from the calcu- 
lations of Illustrations 1 and 2 are 
represented in Figure 2, which is called 
a Nyquist polar plot. If M is a point of 
the plot which represents a particular 
operating condition for the reactor, the 
length of the vector joining the origin 
to M is IY/Xol and the angle of the 
vector with the positive direction of the 
horizontal axis is the phase angle 4. 
The lower half of the curve corresponds 
to positive frequencies, the upper half 
being a reflection of those on the real 
axis. 

On the polar plot of Figure 2 are repre- 
sented the values of Illustration I ,  
where the reaction is assumed to have a 
negligible temperature dependence, by 
the locus Q = 0. The data of Illustration 
2, where the reaction considered is 
exothermic, are shown by the locus 
Q = 50(”K.) (liter)/mole. Also presented 
is the case of an endothermic reaction, 
with Q = -75(”K.)(liter)/mole. Several 
values of WO are shown in Figure 2 to 
indicate how the curves are prepared 
from the foregoing tables. 

It is apparent from the polar plots of 
Figure 2 that the outgoing concentrations 
of endothermic reactions and tempera- 
ture-insensitive reactions are less sensitive 
toward variations in feed composition 
than are those of exothermic reactions. 

This fact is easily understood in a 
qualitative way, as a concentration 
increase in the feed reactant for the case 
of an endothermic reaction brings about 
a temperature decrease which counteracts 
the effect of increased feed concentration 
on the reaction rate. An endothermic 
reaction thus possesses a certain degree 
of self-regulation. On the countrary, an 
exothermic reaction is autocatalyzed 
through its heat output: an increase in 
feed concentration increases the reaction 
rate and the heat of reaction only serves 
further to increase the rate. Thus 
exothermic reactions may be expected to 
present some instability; however, an 
increased rate burns out the excess 
reactant and the process tends to normal. 
The equation developed here of course 
take these simultaneous effects into 
account. 

It appears from Figure 2 that the 
Nyquist plots for variations in concen- 
tration are nearly circular and may be 
approximated by a family of circles. A 
system with a single time lag, called a 
first-order system, has a circular Nyquist 
plot. The approximation is usualIy 
possible because of the preponderance of 

1.00 2.00 10.0 100 
3.00 6.00 30.0 300 
0.211 0.1334 0.0278 0.001 
-47. -68. -105. -165. 

for Illustrations 1 and 2, i t  may be 
observed that the maximum amplitude 
ratio of the concentration variations is 
given by 

(27) 
Expression (27) shows that the maximum 
amplitude ratio is infinite when 

1 + 2OR,‘ Q = _ _ ~  
2 OR 

= 13 2.7 (OK .) (1 it er) /mo 1 e . 
This represents a limiting case of sta- 
bility in the example. Reactions with 
Q 2 132.7 (OK.)(liter)/mole would be 
unstable under the conditions of Illus- 
tration 2. 

Third Case: Heat-input Variations 

Coming back to the more general case 
chosen for the exposition of the theory, 
one may now examine the nature of the 
influence of independent variations in 
heat input to the reactor H upon product 
concentration and reactor temperature. 
A constant feed composition and tempera- 
ture will be assumed in order to isolate 
clearly the results of interest. Knowledge 
of the effect of heat-input variations on 
reactor temperature is necessary in order 
to determine later the sensitivity, rate of 
response, and other characteristics of the 
instruments and elements in a reactor 
heat-control loop which will provide an 
adequate degree of control. 

Equations (17), (18), and (19) will be 
used, with the assumption that X o  = 0, 
which corresponds to a constant feed 
composition 

(1 + ~ w O  + CUOR,’)X + CYORT’Z = 0 
(17’) 

- OR,’X + (1 + juO) Y - ORTI’Z = 0 
( 18’) 

(19’) 

-(YQOR,’X + (1 + ~ w O  

- C U Q O R T ’ ) ~  = %AH 
The solutions are 

NYQUIST DIAGRAMS \so- 

\ 2 A - B + D  ‘. 

-=---= dB I dA 58.1Ae 
dt 2 d t  
8 = 113 hour / 

Fig. 2. Nyquist-type diagrams for concentration variations in a C.S.T.R. Data of illustrations 
1 and 2 for the second-order reaction 2A + B + D. 
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the quantity BAH being replaced by Zn, 
variation in feed temperature. 

' NYQUIST DIAGRAMS ! FOR Z / (0AH) 
I 
I 
I 
I 
I 
t- 

I 
I 
I 
I 
I 

I 

Fig. 3. Nyquist diagrams for 
temperature variations in a 
C.S.T.R. Data of illustration 
3 for the second-order re- 

action 2A + B + D.  

(28) __-  z 
OAH 

(1 + aOR,' + jw0)  
(1 + jwO)( l  + aOR,' - OcQOR; + jwZj  

- 

for the relation between reactor temperature variations Z and heat-input variations 
AH and 

(29) ____ ORT' _ _ _  - Y 
OAH (1 + jwO)( l  + a0R,' - OcQOR; + $0) 

__ z - - (1 + 2OR,' + juO) 
OAH 

Y 
OAH 

(1 + jwO)(l + 2OR,' - 2QOR.' + jw0)  

OR 
(1 + jwO)(l  + 2OR,' - 2QOR.' + jw0)  

for the relation between variations in Results of the calculation of the absolute 
product Concentration Y and heat-input value and phase angle of Z/(eAH) are 
variations. It is Seen that Expression (29), presented below for different values of the 
giving the relationship Y/(OAH), has heat Of reaction parameter Q. 

--__ - __ - - 

GENERALIZATION 

For simplicity the previous theory was 
developed on the basis of a reaction 
involving a feed reactant A and a product 
B with rate dependent on the concentra- 
tion of A and the temperature. If several 
reactants determine the rate, then an 
additional material-balance equation ap- 
pears for each of these reactants. The 
resulting set of simultaneous differential 
equations is then most conveniently 
expressed by the use of matrices. The 
form of the solution for reactions where 
several components affect the rate will 
now be shown. A tabulation will also be 
presented of the specific frequency- 
response functions for typical complex 
reaction systems. It should be kept in 
mind that, since linearization has been 
used, the frequency-response functions 
obtained are valid for only small variation 
amplitudes, such as are usually present 
under autoniatic control. 

Considered first is the case of m 
reactants: A1, Az, . . . , A,. It is assumed 
that the effect of temperature variations 
can be ignored*, and so the rate of 
increase of z,, the concentration of A,, 
can be written as R, (xl, . . . , z,). Pro- 
ceeding just as before, one finds that the 
frequency-response functions X1, X p ,  
* . . , X, to perturbations X1", X2", . . . , 
X,", of frequency w, in the feed concen- 
trations satisfy the equations 

[x l ]=[  x f ]Ol 1 
[(I + jwe)r - OR] 

Xm X m  O 
where I is the identity matrix and R is 
a matrix whose element in the i th row 
and jth column is aR,/az, evaluated a t  
the steady state values. The equations 
may then be solved by the usual Cramers' 
rule. The solutions appear as the quotient 
of two determinants, the denominator 
being det [(I + jwO)I - OR] and the 

the same structure as (24), which gives 
Y / X o .  The polar plots corresponding to 
these expressions will therefore have the w e  0.01 0.10 0 50 1.00 2.00 10.0 100. 
same shape, and the discussion of system w 0.03 0.30 1.50 3.00 6.00 30.0 300. 
stability made in the second case will IZ/(eAH)I 1.608 1.600 1.436 1.132 0.710 0.1338 0.0101 
apply. 4 -0 .6  -6. -28. -47. - 68 -97. -93. 

Q = 50( OK.) (liter)/mole (exothermic reaction) 

Illustration 3 

The plots of Z/(OAH), which express the 
dependence of reactor temperature on 
reactor heat input, are presented in Figure 
3, for the data of the preceding illustration. 
The plots representing Y/(OaH) are similar 
to those of Figure 2, differing only by the 
scale factor RT'IR,', and therefore have 
not been redrawn. The values used for 
Figure 3, which represents Z/(OAH), are 
tabulated below. 

In the case of the second-order reaction, 
which we assume, Expressions (28) and 
(29) take the form 

Q = -75("K.) (liter)/mole (endothermic reaction) 

w e  0.01 0.10 0.50 1.00 2.00 10.0 100. 
w 0.03 0.30 1.50 3.00 6.00 30.0 300. 

4 -0 .6  -6. -26. -44. -61. -74. -84. 
[Z/(eAH)I 0.638 0.635 0.571 0.452 0.286 0,0692 0,0098 

In this case too the diagrams appear as 
nearly circular. Indeed, for = 0 the 
Nyquist diagram for Z/(eAH) is a circle. 

It should be remarked that variations in 
reactor concentration or temnerature caused 

numerator being the same but with the 
appropriate column being 
-- 

by 

*When temperature effects are included the 
results are very similar to those shown her:, but 
for the sake of brevity they are not presented. 

by variations in feed temperature are 
esactly the same as those examined above, 
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Rk' Rzu'  R,, ' 
0 -%h?,,' 1 f - OR3,' - OR3L' 

1 - 0h?42' - 0R4tL' 1 + j w 0  - OR4,,' 
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order reaction chosen in Illustration 1, 
has been treated below, any temperature 
effect being neglected. The reaction is X" 

2 A - + B + D  
~- 

I + j w 0  - OR,,' - OR,,' - OR,,' - ORI,' 

- 1 + j w e  - OR,,' - OR?,' - %Rzo' 

- OR,,' - OR,,' 1 + j w 0  - OR,,' - OR?,' 

with the rate 

- kx2 1 d A  dB 
d t  2 d t  
_ -  - 



TABLE 2. FREQUENCY-RESPONSE FUNCTIONS PIX,, FOR ISOTHERMAL CONCENTRATION VARIATIONS IN A CONTINUOUS STIRREI) TANK 
REACTOR 

Frequency-response function Y / X n  

OR, ' 
if eR,'-wzOe"+jwe(2+ OR,q 

OR,' 
(I + jw e) (1 + jw e + e[R,'+R,'l) 

OR, ' 
(1 + jw 0) (1 + jw O+ 8 [R,' +R,' - R,' - RD'])  

_________ 

Its steady state solution in the first-order 
approximation is, as before, 

X" 
A+jX x -___ 

Xo being a cyclic quantity of frequency w .  
To obtain a series expansion in powers of 

Xo one writes 

x = x, + x, 
Substituting into (30) gives 

d X  
O $ +  A X ,  

dX 
d t  = ( X ,  - e L  - A X , )  - (20kXZ2 

+ 4ekx,xZ) - 2ekx,' 
The first bracket on the right vanishes from 
the definition of X I .  The second contains 
second-order terms, which are neglected. 
The final equation for Xz is therefore 

d X  2 elc 
( A  + jX)2 xo2 

e 2 +  A X ,  = - 
dt 

where Xo2 is a cyclic quantity of frequency 
2w. 

The steady-response term X Z  therefore is 

In the same way 

(33)' 
8Ozk2Xo3 X -  

3 -  ( A  +Xj)3(A+2Xj)(A +3Xj) 
The general term may be easily found, but 
for the present purposes the second-order 
approximation will be sufficient. 

Similarly, as Y = Y 1  f Y p  in (31), 

The corrective factors depend on the 
input signal Xo. This dependence may be 
illustrated graphically by drawing a 
series of Nyquist polar diagrams of Y/Xo  
for different values of the input signal 
amplitude Xo. However, since the cor- 
rection factors are usually small, only 
the amplitude of the correction factor for 
Y / X o  has been calculated as an example, 

a t  vanishing frequency w = 0 for the 
data of Illustration 1. In the results 
presented below, the variation amplitude 
IXo/ has been expressed in percentage of 
the feed concentration zo. 

A = 1 + ~ ~ C O X ,  = I + 4  x g 
X 58.10 X 0.20 = 16.49 

and 

1.75 
IX"I % 200 x 0.20 x 16.49> e ,=" = 

E , = ~  = 0.000161 jX,I % 

A few values are given below 

ix0i 0% 10% 20% 40% 
c w = o  0.0000 0.0016 0.0032 0.0064 

Thus for an input signal amplitude of 
lOyo of the steady state value of the feed 

concentration, the error in outlet ampli- 
tude Y a t  vanishing frequency, calculated 
from Equation (36), will be only 0.16%. 
The correction is therefore small. 

COMMENT 

The equations developed herein are 
mathematical consequences of the theories 
of continuously stirred tank reactors and 
of frequency-response analysis. Each 
theory can be verified separately by the 
proper means. Hence it is felt that an 
attempt to verify experimentally the 
response equations obtained would 
amount largely to a study of the approach 
to ideal performance of the entire system, 
including control valves, sensing elements, 
signal transmission lines, and degree of 
mixing and of the chemical reaction, etc., 
which might be chosen to make up the 
experimental system. 

An alternate procedure, advantageous 
in selected cases, is to use frequency- 
response experiments, with the specific 
purpose of studying the transient be- 
havior of the particular reaction, of the 
stirred reactor itself, of concentration 
sensing elements, or of other components 
used in the control-loop system. For such 
purposes the continuous-chemical-reactor- 
control theory presented in this paper, 
which allows for complex reactions and 
temperature effects, would prove useful 
in the analysis of the experimental results. 

The relations describing the charac- 
teristics of several typical loop systems 
including the control elements will be 
presented in Part 11. The use of analogue 
computers to solve the equations will 
also be considered as well as the response 
functions for reactor chains and for a 
tubular reactor. 
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NOTATION 

A = a chemical compound or its 

B = same 
C = specific heat of the reacting 

mixture, calories/g. 
C = concentration, mole/liter 
e = volumetric C.S.T.R. (continu- 

ously stirred tank reactor) to 
batch efficiency ratio 

concentration (mole/liter) 

F = flow rate, liters/hr. 
h 
H 
AHR 

of A 
I = control quality 
i = pure imaginary, d 7  
k = reaction-rate constant, differ- 

= reactor heat input, "K./hr. 
= reactor heat input, OK./hr. 
= heat of reaction, calories/mole 

ent units. 

K 

M = a matrix 
n = mole fraction, or number of 

reactors in a chain or reaction 
order 

= modified heat of reaction, (OK.) 
(mole)/liter of A 

= proportionality constant for a 
proportional controller 

Q 

R = general reaction rate 
t = time, hr. 
T = temperature, OK., or controller 

time constant 
V = reactor volume, liters or varia- 

tion vector 
2 = concentration of feed com- 

ponent, mole/liter 
X = variation in concentration of 

feed component, mole/liter 
Y = concentration of product com- 

ponent, mole/liter 
Y = variation in concentration of 

product component, mole/liter 
2 = variation in reactor tempera- 

ture, OK. 
a, p, y = stoichiometric coefficients 
A = fractional control quality 
e 
P = density of reacting mixture, 

= C.S.T.R. holding time, hr. 

g./liter 

11. Frequency-response Relations for Reactor Chains, Tubular 

Reactors, and Unit Reactor Control Loops 

REACTOR CHAINS 

The results which were obtained in 
Part I for a single reactor can be used to 
calculate step by step the response of a 
chain of reactors. Interest in these calcu- 
lations is twofold. First the safe operation 
of the whole chain may put upon a 
reactor in the chain more stringent control 
requirements than would individual oper- 
ation, especially in the case of reactions 
highly sensitive to temperature. Second, 
these calculations can be used to deter- 
mine simpler modes of control for the 
whole chain. In some cases, for instance, 
the feed Row is controlled by inlet 
sampling and the whole heating system 
by a sampling of the final product, the 
individual heat-control loop on each 
reactor thus being eliminated. The calcu- 
lations arc straightforward and the theory 
is easily devcloped with the introduction 
of matrices. It will be developed here 
on the basis of the example used pre- 
viously, of a reaction involving com- 
ponents A and B, with a rate R(x,  T). 

First Case: Variations in Concentration Only 

Equations (17) and (18) of Part I are 
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7 = reaction time for a tubular 

6J = signal frequency, radians/hr. 
reactor, hr . 

Subscripts 

0, 1 = C.S.T.R. feed and product 
streams 

D = derivative controller 
I = integral controller 
n 
P = proportional controller 
S = steady state 

= reactor number in a chain 
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used with the feed concentration varia- or 
tions X o  and Y o  vi-l = M,Vi (3) 

(') with 
(1 + aOR,' + jcoO)X = Xo 

-OR,'X + (1 + jUe)y = yo (2) 

These may be written in matrix form, the 
variation vector Vi representing the 
variations in the composition of the feed 
to reactor i + 1: 

v. = X ;  

iyil 

and the matrix M ,  of the variation CO- 
efficients being introduced. 

In  matrix notation Equations (1) and 
(2) may be written 

Therefore, the relation between product 
and feed variations in composition is 

V,=(M,M, . . . M i  . . * Mn)- l vo  (5)  

This formula gives the desired result, 
namely that the product composition 
varies as a function of feed-composition 
variations. 

and for the reactor i in a chain 

1 + aOiRzi' + j d , ,  0 

- OiR,i', 1 + jwO, 
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